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Abstract
Let H be a torsion-free strongly polycyclic (torsion-free virtually polycyclic, resp.) group. Let G
be any group with maximal condition. We show that there exists a torsion-free strongly polycyclic
(torsion-free virtually polycyclic, resp.) group G˜ and an epimorphism  : G → G˜ such that for any
homomorphism  : G → H , it factors through G˜, i.e., there exists a homomorphism ˜ : G˜ → H
such that  = ˜ ◦ . We show that this factorization property cannot be extended to any ﬁnitely
generated group G. As an application of factorization, we give necessary and sufﬁcient conditions
for N(f, g) =R(f, g) to hold for maps f, g : X → Y between closed orientable n-manifolds where
1(X) has the maximal condition,Y is an infra-solvmanifold, N(f, g) andR(f, g) denote the Nielsen
and Reidemeister coincidence numbers, respectively.
© 2005 Elsevier B.V. All rights reserved.
MSC: 20E99; 55M20
1. Introduction
Every abelian group A has the universal factorization property that for any group G,
every homomorphism  : G → A factors into  = ˜ ◦  where  : G → G˜ = G/[G,G]
and ˜ : G˜ → A depends only on . It is well known that this factorization property is
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generalized for every nilpotent group and every solvable group. In [5,6], Gonçalves and
Wong claimed that if G is any ﬁnitely generated group, then this factorization property
can be generalized for torsion-free strongly polycyclic groups and torsion-free virtually
polycyclic groups, and then applied their claims to Nielsen coincidence theory of maps into
infra-solvmanifolds.
The purpose of this paper is to give a counterexample against their claims and show that
their factorization claims are valid under the assumption that G has the maximal condition.
Their application to Nielsen coincidence theory is also valid under the assumption that the
fundamental group of the source manifold has the maximal condition.
2. Universal factorization property
LetC andD be two classes of groups.A group H in the classD is said to haveC-universal
factorization property (in short, C-UFP) if it satisﬁes the following property:
For any G ∈ C, there exist a group G˜ ∈ D and an epimorphism G : G → G˜ such that
every homomorphism  : G → H factors into ˜ ◦ G, where ˜ : G˜ → H is a unique
homomorphism. That is, the following diagram commutes:
G G
~
~
H
 
G
If every group H ∈ D has theC-UFP, then we say that the classD hasC-UFP. In particular,
if C is the class of all groups, then we simply say that the class D has UFP.
Example 2.1. The following classes of groups are well-known examples which have UFP:
(1) The class of abelian groups: For any group G, take G˜=G/G(1) where G(1) =[G,G]=
2(G).
(2) The class of torsion-free abelian groups: For any group G, take G˜ to be the free part of
G/G(1).
(3) The class of nilpotent groups with nilpotent class  i: For any group G, then take
G˜ = G/i+1(G) where i+1(G) = [G, i (G)].
(4) The class of torsion-free nilpotent groups with nilpotent class  i: For any group G, take
G˜ = G/ G√i+1(G) where G√i+1(G) is the isolator of i+1(G) in G. Here the isolator
of the subgroup H in the group G means that
G
√
H : ={x ∈ G | xk ∈ H for some k1}.
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In particular, if H = {1}, then G√{1} is precisely the set of all torsion elements of G.
Hence we see that, in general, G
√
H need not be a subgroup of G. However if H = i (G)
then G
√
H is a characteristic subgroup of G and G/ G
√
H is a torsion-free nilpotent group
with nilpotent class  i (cf. [2, Lemma 1.1.3] or [4, Lemma 2]).
(5) The class of solvable groups with derived length  i: For any group G, then take G˜ =
G/G(i) where G(i)=[G(i−1),G(i−1)].
Example 2.2. Let G be the direct sum of inﬁnitely many inﬁnite cyclic groups, that is,
G =⊕∞−∞Z. Suppose that there exist a group G˜ and an epimorphism G : G → G˜ such
that every homomorphism  : G → Z factors through G˜. Then
ker(G) ⊂ ker().
In particular, for the projections pi : G → Z, we have ker() ⊂ ⋂ ker(pi)=0. Thus G˜=G
and hence G˜ is not ﬁnitely generated. Consequently, the class of ﬁnitely generated (torsion-
free) abelian groups, the class of ﬁnitely generated (torsion-free) nilpotent groups, the class
of ﬁnitely generated (torsion-free) solvable groups, the class of (torsion-free) polycyclic
groups, the class of (torsion-free) strongly polycyclic groups and the class of (torsion-free)
virtually polycyclic groups do not have UFP.
A group G is called polycyclic if there exists a ﬁnite chain of subgroups
1 = G0G1 · · ·Gn−1Gn = G
such that each of the factor groups Gi/Gi−1 is cyclic. Since a solvable group is by deﬁnition
a poly-abelian group, a polycyclic group is a solvable group. A strongly polycyclic group
is a polycyclic group G which contains a normal nilpotent subgroup N such that G/N is
a free abelian group of ﬁnite rank. A virtually polycyclic (or polycyclic-by-ﬁnite) group is
an extension of a polycyclic group by a ﬁnite group. Let FG denote the class of ﬁnitely
generated groups.
3. A polycyclic group which does not have FG-UFP
In this section we will ﬁnd a torsion-free polycyclic group which do not haveFG-UFP
(Lemma 3.2). This group provides us a counterexample to the claims in [6, Lemma 3.1; 5,
Corollary 3.2, Theorem 3.3].
Let G be a group with presentation
〈a, b | [bkab−k, bab−] (k,  ∈ Z)〉.
Then G has a normal free abelian subgroup A generated by {bkab−k | k ∈ Z}, which is
isomorphic to the direct sum of inﬁnitely many inﬁnite cyclic groups. Note that b acts on A
by conjugation by b, and b has inﬁnite order and generates an inﬁnite cyclic group. Hence
GA〈b〉.
558 S.W. Kim, J.B. Lee / Journal of Pure and Applied Algebra 204 (2006) 555–567
Note that G is a ﬁnitely generated solvable group, but G is not a polycyclic group. Let N =
〈〈a(b2a−1b−2)〉〉 denote the normal closure of a(b2a−1b−2), the smallest normal subgroup
of G containing a(b2a−1b−2).
Now consider the group H = Z2Z, where
 : Z −→ Aut(Z2), (1) =
[
0 1
1 0
]
.
Deﬁne a homomorphism q : G → H as follows:
a 
→
([
1
0
]
, 0
)
, b 
→
([
0
0
]
, 1
)
.
Then boddab−odd are mapped to
([
0
1
]
, 0
)
, and bevenab−even are mapped to
([
1
0
]
, 0
)
. It
can be shown easily that this homomorphism is surjective with kernel N. Hence G/NH .
Observe that H is a (torsion-free, strongly) polycyclic group but not a nilpotent group.
Furthermore, H has a presentation
〈a, b | [bkab−k, bab−] (k,  ∈ Z), ab2a−1b−2〉.
Lemma 3.1. Let G and H be as above. Then there exist a (torsion-free, strongly) polycyclic
group G˜ and an epimorphism G : G → G˜ such that every homomorphism  : G → H
factors through G˜.
Proof. Let  : G → H be any homomorphism. Then
(a) =
([
m
n
]
, s
)
, (b) =
([
p
q
]
, t
)
for some m, n, p, q, s, t ∈ Z.
Now we show that ab2a−1b−2 ∈ ker().
Case 1: s is even. Since (even) = I2 and
(b)2(a)−1 =
([
p
q
]
+ (t)
[
p
q
]
, 2t
)(
−
[
m
n
]
,−s
)
=
([
p
q
]
+ (t)
[
p
q
]
−
[
m
n
]
, 2t − s
)
=
(
−
[
m
n
]
,−s
)([
p
q
]
+ (t)
[
p
q
]
, 2t
)
=(a)−1(b)2,
we see that ab2a−1b−2 ∈ ker().
Case 2: s is odd and t is even. Since [a, ba−1b−1] = 1 in G, we must have
(aba−1b−1) = (ba−1b−1a).
Explicit calculations show that the above equality induces p=q and, in turn, ab2a−1b−2 ∈
ker().
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Case 3: s is odd and t is odd. Direct inspection shows that ab2a−1b−2 ∈ ker().
Therefore N ⊂ ker(). This induces a canonical epimorphism G : G → G/N and a
unique homomorphism ˜ : G/N → H so that the following diagram commutes:
G
G / N
~
H
G
Hence G/N works for G˜ and it is polycyclic. 
Next we consider the group K = Z2Z, where
 : Z −→ Aut(Z2), (1) =
[
0 1
1 1
]
.
Then K is a torsion-free strongly polycyclic group, but not a nilpotent group. Deﬁne a
homomorphism  : G → K as follows:
a 
→
([
1
0
]
, 0
)
, b 
→
([
0
0
]
, 1
)
.
It can be shown that the homomorphism  is surjective and its kernel is generated
by a−1(ba−1b−1)(b2ab−2). Thus ker() = 〈〈a−1(ba−1b−1)(b2ab−2)〉〉 and G/ ker() is
isomorphic to K.
Note that
(n) =
[
sn−1 sn
sn sn+1
]
,
where {sn} is a Fibonacci sequence deﬁned by
s0 = 0, s1 = 1, sn = sn−2 + sn−1, n2.
Lemma 3.2. Let G and K be as above. Suppose that there exist a group G˜, an epimorphism
G : G → G˜ such that every homomorphism  : G → K factors through G˜. Then G˜ = G
and hence G˜ is not polycyclic.
Proof. Consider the homomorphisms n : G → K , n ∈ N, deﬁned by
a 
→
([
1
0
]
, 0
)
, b 
→
([
0
0
]
, n
)
.
Then
n(a) =
([
1
0
]
, 0
)
,
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n(bab
−1) =
([
0
0
]
, n
)([
1
0
]
, 0
)([
0
0
]
,−n
)
=
([
sn−1 sn
sn sn+1
] [
1
0
]
, 0
)
=
([
sn−1
sn
]
, 0
)
,
n(b
2ab−2) =
([
0
0
]
, n
)([
sn−1
sn
]
, 0
)([
0
0
]
,−n
)
=
([
sn−1 sn
sn sn+1
] [
sn−1
sn
]
, 0
)
=
([
s2n−1 + s2n
snsn−1 + sn+1sn
]
, 0
)
.
Use the Catalan’s identity involving the Fibonacci sequence {sn} (this actually holds for any
Fibonacci sequence [1]), viz.,
s2n − sn−r sn+r = (−1)n−r s2r , 0rn.
If r = 1, then s2n − sn−1sn+1 = (−1)n−1s21 = (−1)n−1 and thus[
s2n−1 + s2n
snsn−1 + sn+1sn
]
=
[
s2n−1 + sn−1sn+1
snsn−1 + sn+1sn
]
+ (−1)n−1
[
1
0
]
= (sn−1 + sn+1)
[
sn−1
sn
]
+ (−1)n−1
[
1
0
]
= tn
[
sn−1
sn
]
+ (−1)n−1
[
1
0
]
.
Therefore n(b2ab−2) = n(batnb−1)n(a(−1)n−1). In fact, we see that
ker(n) = 〈〈a(−1)
n
(ba−tnb−1)(b2ab−2)〉〉,
where tn = sn−1 + sn+1.
Recalling that G has a normal free abelian subgroup A generated by {bkab−k | k ∈ Z},
let Z(k) denote the subgroup generated by bkab−k . Then A = ⊕∞−∞Z(k) and the action of b
on ⊕∞−∞Z(k) is translation of the generator bkab−k of Z(k) to the generator b(k+1)ab−(k+1)
of Z(k+1). It is clear that the normal generator a(−1)
n
(ba−tnb−1)(b2ab−2) of ker(n) is the
“diagonal element”
((−1)n,−tn, 1) ∈ Z(0) ⊕ Z(1) ⊕ Z(2).
Therefore ker(n) is the direct sum of all translates of the inﬁnite cyclic group generated
by ((−1)n,−tn, 1) by the action of the inﬁnite cyclic group 〈b〉. Now we show that
∞⋂
n=1
ker(n) ⊂
∞⋂
n=1
ker(2n) = {1}.
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Every element of A is of the form
w = (bkas0b−k)(bk+1as1b−k−1) · · · (bk+masmb−k−m)
= (s0, s1, . . . , sm) ∈ Z(k) ⊕ Z(k+1) ⊕ · · · ⊕ Z(k+m)
for some integers k,m, s0, . . . , sm. Given such an element w of A, deﬁne the polynomials
p0, p1, . . . , pm as follows:
p0(t) = s0,
p1(t) = s1 − p0(t)t ,
p2(t) = s2 − p0(t) − p1(t)t ,
· · · · · · · · · · · · · · ·
pm(t) = sm − pm−2(t) − pm−1(t)t .
Since the elements of the form bjasb−j are in A and commute each other, it follows that
b−kwbk = (s0, s1, . . . , sm) ∈ Z(0) ⊕ Z(1) ⊕ · · · ⊕ Z(m) and
(s0, s1, . . . , sm) − (p0(t)(1, t, 1) + p1(t)(0, 1, t, 1) + · · · + pm−2(t)(0, . . . , 0, 1, t, 1))
= (0, . . . , 0, 0, sm−1 − pm−3(t) − pm−2(t)t, sm − pm−2(t)).
Thus w ∈ ker(2n) if and only if b−kwbk is an element of ker(2n) if and only if t=−t2n
is a solution of the equations
sm − pm−2(t) = 0, sm−1 − pm−3(t) − pm−2(t)t = 0.
Since pm−2(t) is a polynomial of degree m − 2, it has at most (m − 2) number of integral
solutions. Hence any such an elementw ofA belongs to at most (m−2)number of ker(2n)’s.
Therefore,
w /∈
∞⋂
n=1
ker(2n).
(For example, if we take the element w of A
w = a(ba−10b−1)(b2a23b−2)(b3a−10b−3)(b4ab−4) = (1,−10, 23,−10, 1),
then p2(t) = t2 + 10t + 22 = 1 has the integral solutions −3 and −7. This means that w is
contained in only ker(2) and ker(4) as −3 = −t2 and −7 = −t4. In fact, w is a normal
generator of ker(2) ∩ ker(4).)
Assuming the factorization property, we see that ker(G) ⊂ ⋂∞n=1 ker(n) and ker(G)=
{1}. Therefore, G˜G and it is not a polycyclic group. 
Remark 3.3. In the above proof, the homomorphism n : G → K has kernel ker(n) =
〈〈a(−1)n(ba−tnb−1)(b2ab−2)〉〉. We observe further that
G/ ker(n)im(n)Z2nZ,
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where the action homomorphism n is given by
n(1) = (n) =
[
sn−1 sn
sn sn+1
]
.
Theorem 3.4. There exist (torsion-free) strongly polycyclic groups and (torsion-free) vir-
tually polycyclic groups which do not haveFG-UFP.
Proof. The proof is easily supplied by Lemma 3.2. 
4. The maximal condition and UFP
A group G has max if one of the following holds:
(a) every strictly ascending chain of subgroups of G is ﬁnite;
(b) every subgroup of G is ﬁnitely generated;
(c) every family of subgroups of G has a maximal member.
Conditions (a)–(c) are equivalent (cf. [7]). LetM denote the class of groups having max.
For an arbitrary group G, we deﬁne the normal subgroups n
√
G(k) (n, k1) of G as
follows:
√
G(k) = 〈〈 G
√
G(k)〉〉 and n+1
√
G(k) =
√
n
√
G(k).
Here 〈〈H 〉〉 denotes the normal closure of H in G, which is the smallest normal subgroup
containing H ⊂ G. Then we obtain an ascending series of normal subgroups of G√
G(k) 2
√
G(k) · · ·  n
√
G(k) · · · .
Every ﬁnitely generated torsion-free nilpotent group has FG-UFP and every ﬁnitely
generated solvable group has FG-UFP (see Example 2.1). However, we do not know
whether there exist torsion-free solvable groups which do not have FG-UFP. Instead we
will show the following:
Theorem 4.1. Every torsion-free solvable group hasM-UFP.
Proof. Let G be any group which has max, H a torsion-free solvable group with derived
length i, and  : G → H any homomorphism. The homomorphism  : G → H re-
stricts to homomorphisms ′ : n√G(k) → n√H(k) and hence induces homomorphisms
˜ : G/ n√G(k) → H/ n√H(k) so that the following diagram is commuting:
G /  √G (k)n
  √G(k)n
  √H (k)n H /  √H (k)n
1
1
1
1
G
H
′ 
~
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Since G has max, the ascending series of normal subgroups of G
√
G(k) 2
√
G(k) · · ·  n
√
G(k) · · ·
terminates at a ﬁnite stage, that is, there exists m=m(k) ∈ N such that m√G(k) = m+1√G(k).
Since H is a torsion-free solvable group of derived length i, we have H(i)=1 and n√H(i)=1
for all n. For k = i, the above commuting diagram becomes the following commuting
diagram:
G
~
H
 
 G /  √G(i)m 1
Let G˜ = G/ m√G(i). Since m√G(i) = m+1√G(i), we have m√G(i) =
√
m
√
G(i), or equivalently,
if x ∈ m√G(i) for some 1 then x ∈ m√G(i). This implies that G˜ is torsion-free. Clearly
G˜ is a (ﬁnitely generated) solvable group with derived length  i. 
Corollary 4.2. (1) Every polycyclic group hasM-UFP.
(2) Every torsion-free polycyclic group hasM-UFP.
Proof. (1) Let G be a group which has max and let H be a polycyclic group. Then H is
solvable with derived length, say i. Let G˜ = G/G(i). Then G˜ has max and is a solvable
group with derived length  i. By Segal [7, Proposition 1.4], G˜ is a polycyclic group. It
is clear that every homomorphism G → H factors through G˜. Note that G˜ need not be
torsion-free.
(2) Let H be a torsion-free polycyclic group. As in the proof of Theorem 4.1, take G˜ =
G/
m
√
G(i). Then G˜ is a torsion-free polycyclic group with derived length  i. Clearly every
homomorphism G → H factors through G˜. 
Notation: Let G be a group which has max. Write i (G)=G/ m
√
G(i+1) where m is large
enough so that G/ m
√
G(i+1) =G/ m+1√G(i+1). Then i (G) is a torsion-free polycyclic group
with derived length  i + 1.
Corollary 4.3. Let G be a group which has max. For all j i, there exists a canonical
isomorphism
i (j (G))i (G).
It follows that m
√
(G/
m
√
G(j+1))(i+1) = m√G(i+1)/ m√G(j+1).
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Proof. By Theorem 4.1, the homomorphism G → j (G) → i (j (G)) factors through
i (G), inducing the homomorphism  : i (G) → i (j (G)). Since m
√
G(j+1) m
√
G(i+1)
(j i), there is a natural homomorphism j (G) → i (G), which factors through i (j (G))
and yields the homomorphism  : i (j (G)) → i (G) by Theorem 4.1 again. It is clear
now that  and  are each others inverse. Evidently there is an exact sequence
1 −→ m
√
G(i+1)/ m
√
G(j+1) −→ j (G) −→ i (G) −→ 1.
By deﬁnition,
i (j (G)) = j (G)/ m
√
(j (G))(i+1) = j (G)/
(
m
√
(G/
m
√
G(j+1))(i+1)
)
.
Hence the last claim follows from the isomorphism i (j (G))i (G). 
By Theorem 3.4, there exist torsion-free strongly polycyclic groups which do not have
FG-UFP.
Theorem 4.4. (1) Every strongly polycyclic group hasM-UFP.
(2) Every torsion-free strongly polycyclic group hasM-UFP.
Proof. (1) Let H be a strongly polycyclic group. Then we have an exact sequence of groups
1 −→ N −→ H p−→A −→ 1,
where N is a nilpotent subgroup of H and A is a free abelian group of ﬁnite rank. Let G be
a group which has max and let  : G → H be any homomorphism. Let G¯ = G/ G√2(G)
and ¯ : G → G¯ be the canonical homomorphism. Then G¯ is a torsion-free abelian group of
ﬁnite rank. Since A is a torsion-free nilpotent group with nilpotent class 1, it follows from
[2, Lemma 1.1.3] that the homomorphism p ◦ factors through G¯. Let K = ker ¯. Since G
has max, K is ﬁnitely generated. Clearly the restriction |K is a homomorphism from K to
N. Since N is a nilpotent group of nilpotent class say i, the nilpotent group K¯ =K/i+1(K)
together with the epimorphism q : K → K¯ satisﬁes the universal factorization property
(see Example 2.1).
Now let G˜ = G/ ker q. Then G˜/K¯G/KG¯ and the sequence
1 −→ K¯ −→ G˜ −→ G¯ −→ 1
is exact. Since K¯ is a nilpotent group and G¯ is a torsion-free abelian group of ﬁnite rank,
G˜ is a strongly polycyclic group. Since ker q ⊂ ker |K ⊂ ker ,  factors through G˜.
(2) Let H be a torsion-free strongly polycyclic group. Then H is an extension of a torsion-
free nilpotent group N by a free abelian group A of ﬁnite rank. Replacing K¯ = K/i+1(K)
with K¯ = K/ K√i+1(K) in the proof of (1), we obtain the torsion-free nilpotent group K¯
and the epimorphism q : K → K¯ so that |K factors through K¯ . Note that K¯ is a ﬁnitely
generated torsion-free nilpotent group, and ker q = K√i+1(K) is a characteristic subgroup
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of K (cf. [2, Lemma 1.1.3]). Hence ker q is a normal subgroup of G. Letting G˜=G/ ker q,
it ﬁts G˜/K¯G/KG¯. Since K¯ is a ﬁnitely generated torsion-free nilpotent group and G¯
is a torsion-free abelian group of ﬁnite rank, G˜ is a torsion-free strongly polycyclic group.
Since ker q ⊂ ker |K ⊂ ker , factors through G˜. 
By Theorem 3.4, there exists a torsion-free virtually polycyclic group which does not
haveFG-UFP.
Theorem 4.5. (1) Every virtually polycyclic group hasM-UFP.
(2) Every torsion-free virtually polycyclic group hasM-UFP.
Proof. The proof is a modiﬁcation of the method used in the proof of [5, Theorem 2.4].
Let H be a (torsion-free) virtually polycyclic group, i.e., there exists an exact sequence
1 −→ N −→ H p−→F −→ 1,
where N is a (torsion-free) polycyclic group and F is a ﬁnite group. Let G be a group which
has max. Take
G¯ = G/
⋂
ker(p ◦ ),
where the intersection ranges over all homomorphisms  : G → H . Then there exists an
epimorphism  : G → G¯ such that for every homomorphism  : G → H , the homomor-
phism p ◦  factors through G¯. Since G is ﬁnitely generated and F is ﬁnite, there are only
ﬁnite number of group homomorphisms from G to F. The intersection
⋂
ker(p◦) is a nor-
mal subgroup of ﬁnite index in G (cf. [7, Lemma 1.1] or [5, Remark 3.1]). The quotient group
G¯ is a ﬁnite group. Let L=ker =⋂ ker(p ◦). Since G has max, so does L. By Corollary
4.2, there exist a (torsion-free) polycyclic group L¯ and an epimorphism q : L → L¯ such that
every homomorphism from L to N factors through L¯. Let K=〈〈ker q〉〉 be the normal closure
of ker q in G. Since L is a normal subgroup of G and ker q ⊂ L, K ⊂ L. Let L˜=L/K which
is polycyclic because the polycyclic group L¯ is mapped onto L˜. Let G˜ = G/K . Then the
sequence
1 −→ L˜ −→ G˜ −→ G¯ −→ 1
is exact. Thus G˜ is a virtually polycyclic group. For any homomorphism  : G → H , it
is clear that ker q ⊂ ker . Since ker  is a normal subgroup of G, by the deﬁnition of K,
K ⊂ ker . Hence the homomorphism  factors through G˜. Finally it remains to show that
if H is torsion-free, then G˜ is torsion-free. Suppose gK ∈ G˜ is a torsion element. Then
g ∈ ker  ⊂ ker(p ◦ ) for all homomorphisms  : G → H as H is torsion-free. Thus
g ∈ L, and g ∈ ker q as L¯ is torsion-free. Hence g ∈ K and gK is the identity element
of G˜. 
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We tabulate what we have known as follows:
Class of groups UFP FG-UFP M-UFP
Abelian 2.1
Finitely generated abelian No(2.2) 2.1
Torsion-free abelian 2.1
Finitely generated torsion-free abelian No(2.2) 2.1
Nilpotent 2.1
Finitely generated nilpotent No(2.2) 2.1
Torsion-free nilpotent 2.1
Finitely generated torsion-free nilpotent No(2.2) 2.1
Torsion-free virtually nilpotent [5, Theorem 2.4]
Finitely generated torsion-free virtually
nilpotent
No(2.2) [5, Theorem 2.4]
Solvable 2.1
Finitely generated solvable No(2.2) 2.1
Torsion-free solvable Question Question 4.1
Finitely generated torsion-free solvable No(2.2) Question 4.1
Polycyclic No(2.2) No(3.4) 4.2
Torsion-free polycyclic No(2.2) No(3.4) 4.2
Strongly polycyclic No(2.2) No(3.4) 4.4
Torsion-free strongly polycyclic No(2.2) No(3.4) 4.4
Virtually polycyclic No(2.2) No(3.4) 4.5
Torsion-free virtually polycyclic No(2.2) No(3.4) 4.5
5. Application to coincidence theory
Letf, g : X → Y be maps between two closed connected orientable n-manifolds. In, e.g.,
[3–6], the authors investigated the conditions for which N(f, g) =R(f, g) where N(f, g)
and R(f, g) denote the Nielsen and Reidemeister coincidence numbers, respectively. In
particular, they gave necessary and sufﬁcient conditions for N(f, g) = R(f, g) to hold
when Y is an (infra-)solvmanifold in [5, Theorem 4.1]. Their approach relied on erroneous
factorization properties, [5,6], of maps into (infra-)solvmanifolds and a certain residual
property in the sense of [8, Theorem 5] of virtually polycyclic groups.
Recall that the fundamental group of an infra-solvmanifold is a torsion-free virtually
polycyclic group. Assuming that 1(X) has max and using our Theorem 4.5, we see that
the following Theorem remedies Theorem 4.1 of [5]. In fact, with this assumption, its proof
becomes still valid and is omitted.
Theorem 5.1. Let f, g : X −→ Y be two maps between two closed connected orientable
manifolds of the same dimension. Suppose that 1(X) has max, Y is an infra-solvmanifold,
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and R(f, g)<∞. Then there exist ﬁnite regular covers p¯ : X¯ → X and q¯ : Y¯ → Y
and lifts f¯ , g¯ : X¯ → Y¯ of f and g, respectively, such that L(	¯f¯ , g¯) = 0 for all covering
transformations 	¯ of q¯ if and only if N(f, g) =R(f, g).
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